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CYLINDRICAL 

We give t h e o r e t i c a l  and expe r imen t a l  data for  the en t rance  length of a tube~ The e x p e r i m e n t s  were  
conducted in a range  of enthalpy fac to r  f r o m  0.08 to 0.8 and Reynolds  number  f r o m  6.9 �9 10 a to 2 .4  �9 10 ~, 

T h e r e  have been a f a i r l y  l a rge  number  of t heo re t i ca l  and expe r imen ta l  inves t iga t ions  of turbulent  
heat  t r a n s f e r  and f r i c t ion  in the en t rance  sec t ion  of a tube [1-9], 

A t h e o r e t i c a l  inves t iga t ion  [1] showed that  fo r  a turbulent  flow in tubes with a smooth en t r ance  the 
en t rance  length is g iven by the equat ion 

x e ~ 0.693R~ .~5 

F r o m  a n u m e r i c a l  solut ion of the b o u n d a r y - l a y e r  equat ion the authors  of [2] obtained an approx imate  

f o r m u l a  fo r  the en t r ance  length 

x e ~ 4.63R~ .1~ 

The authors  of [3] a s s u m e d  that the ve loc i t y  in the potent ia l  core  was constant  along the en t rance  
sec t ion  for  the c a s e s  T w =const  and qw =const  and obtained the fol lowing equat ions ,  r e s p e c t i v e l y :  

Ro-- 

i I 3  n 1"~+1 
X e - - A ( m + l )  8 2 n + t  .R0 

t [ 3  2 _ ~ i ]  ~n+l x 
xe = - X  - U , X = ~ -  

p01w0aD c/o Cto vwo 
~to 2 --  A(R++)--ra' 2 -- poWo 2 

The symbols  used  in the above equat ions a re :  x, D - t u b e  length and d i a m e t e r ,  r e s p e c t i v e l y ;  p -  

dens i ty ;  w - v e l o c i t y ;  # - v i s c o s i t y ;  T - t e m p e r a t u r e ;  q - spec i f ic  heat  f lux;  T - tangent ia l  s t r e s s ;  
5 ++ - m o m e n t u m  th ickness  ; n - index of power  in law of ve loc i ty  d i s t r ibu t ion  in boundary l aye r .  The sub-  
s c r i p t s  a re :  co - p a r a m e t e r s  on wal l ;  0 - p a r a m e t e r s  in flow core ,  and e - p a r a m e t e r s  on boundary of 
en t r ance  sec t ion .  

In the e x p e r i m e n t a l  inves t iga t ions  [4, 5] (Table 1) the en t rance  length was d e t e r m i n e d  f r o m  the change 
in the local  Nusse l t  number  Nu and the loca l  heat  t r a n s f e r  coef f ic ien t .  The c r o s s  sec t ion  of the tube where  
these  data exceeded  t h e i r  a sympto t ic  va lues  by a p a r t i c u l a r  amount (5% or  1%) was taken as the s t a r t  of the 
s t ab i l i zed  sec t ion .  This  method cannot give s a t i s f ac to ry  r e s u l t s ,  s ince  it  fa i l s  to take into account  the 
spec ia l  f e a t u r e s  in the en t rance  sect ion~ Owing to the i n c r e a s e  in th ickness  of the boundary l a y e r  and in -  
c r e a s e  in the ve loc i t y  in the flow c o r e  the heat  t r a n s f e r  coef f ic ien t  d e c r e a s e s  at f i r s t  and then i n c r e a s e s  
again [4, 6]. 

The methods  of d e t e r m i n a t i o n  were :  A 1 - f r o m  the change in the local  heat  t r a n s f e r  coef f ic ien t ;  

A 2- f r o m  the change in the local  p r e s s u r e  g rad ien t ;  A~ - f r o m  a c o m p a r i s o n  of the s tagnat ion enthalpy and 

Novos ib i r sk .  T r a n s l a t e d  f r o m  Zhurnal  Pr ik ladnoi  Mekhaniki i Tekhnicheskoi  F iz ik i ,  Vol. 9, No. 4, 
ppo 99-104, Ju ly -Augus t ,  1968. Original  a r t i c l e  submit ted  J anua ry  15, 1968. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street~ New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15,00. 

449 



TABL E  1 

Method Experirnen- Refer- Liquid Range of R x e talcondi- 
tions ence 

t.7.t0~--9.t04 10 15 A1 qw = const [a] 
2.7- t04 ~ A1 Tw = const [~l 

5.104--2.5. t0 ~ it--27 A1 qw = const [ ] 
t0 ~ t08 40--20 AI  T w ~ eonst [s] 

4.9-104--6.5,104 t4--20 A: [~] 
3.103--4.2-i0 ~ '16-- 17 As [71 * 

6.9. t03--2.4.105 7.9--22 Aa T~j~ = const I 

�9 The l eng th  of the h y d r o d y n a m i c  e n t r a n c e  s ec t i on  was  d e t e r m i n e d .  
da ta  a r e  t a k en  f r o m  a n  a n a l y s i s  of the  "5%" g r aph  in  F ig .  7. 
JThe t h e r m a l  and h y d r o d y n a m i c  e n t r a n c e  l eng ths  w e r e  d e t e r m i n e d .  
:~Authors of th i s  p a p e r .  

Water 
Air 
Aix, carbon dioxide gas 
Water 
Water 
Air 
Air 

The 

v e l o c i t y  c a l c u l a t e d  for  the  e n t r a n c e  and m a i n  s e c t i o n s  ; and A 4 -  f r o m  the  change  in  en tha lpy  on the  tube  ax i s .  

The v a l u e s  of X e ob ta ined  in  [7] by  c o m p a r i s o n  of the  s t a g n a t i o n  en tha lpy  and  the  v e l o c i t y  on the  ax is  
in  the  e n t r a n c e  and m a i n  s e c t i o n s  a r e  p r o b a b l y  o v e r e s t i m a t e d  in  c o m p a r i s o n  with the  o the r  da ta  g iven  in 
the t a b l e .  

The t ab le  i n d i c a t e s  tha t  t h e r e  a r e  g r e a t  d i f f e r e n c e s  b e t w e e n  the da ta  of d i f f e r e n t  i n v e s t i g a t i o n s  even  
fo r  the  ca se  of q u a s i - i s o t h e r m a l  f low. In p a r t i c u l a r ,  i t  fo l lows f r o m  [8] tha t  the  e n t r a n c e  l eng th  d e c r e a s e s  
with i n c r e a s e  in  the  R e y n o l d s  n u m b e r ,  which  c o n t r a d i c t s  the  r e s u l t s  of [1-7].  The  effect  of i n t e n s e  coo l ing  
of the  wal l  on the  t h e r m a l  e n t r a n c e  l eng th  has  h a r d l y  b e e n  i n v e s t i g a t e d  at a l l .  

Be low we give  the  r e s u l t s  of a t h e o r e t i c a l  and e x p e r i m e n t a l  d e t e r m i n a t i o n  of the  t h e r m a l  e n t r a n c e  
l eng th  in  s i g n i f i c a n t l y  n o n i s o t h e r m a l  c o n d i t i o n s  at s u b s o n i c  gas  f low v e l o c i t i e s .  

F o r  the  e n t r a n c e  s e c t i o n  in  a s u b s o n i c  flow with h w---const and q 'h=cons t ,  a j o in t  so lu t i on  of the  m o -  
m e n t u m  equa t ion  

dR ++ B ++ dWo c/~ 
d X  -~ Wo d X  (I ~- H) RIV2" 

the  con t inu i t y  equa t i on  

and  the  f r i c t i o n  law t/2 cf 0=0. 0128 R**-m g ives  [9] 

Rl (Wo-- t) 
4// 

(i) 

1 (Wo--  t) 0.5 4= ] r~  (Wo - -  t) 0.25 + t 
[ - ~ ( l + H ) + i  I [4(Wo--1) ~  ]f~ In (Wo_t)o.5 . ~ ( W o _ l ) O . ~ +  ' 

]/2 (Wo -- 1) ~ ] . . . . .  (Wo-- t) t'~s 0.0725H 1"2a 
-- ]/2 arc tg t ~ ( W o  - -  1)o .  5 , - -  (1 " t - / / )  W o  . ~ ~5, ~ 1 0 ' 2 5  . ~  

6 § polwolD R** P~176 H ---- 6~ R:L 

c/ wo hw 
~'=-F[~o ' W o =  wol ' * h =  ho (2) 

H e r e  and h e n c e f o r t h  5 + is  the  d i s p l a c e m e n t  t h i c k n e s s ,  h is  the  en tha lpy  of the  gas ,  H 0 is  the  shape  
f a c t o r  in  i s o t h e r m a l  c o n d i t i o n s  for  a g r a d i e n t - f r e e  flow, i . e . ,  d P / d x = 0  ; the  s u b s c r i p t  1 deno t e s  p a r a m -  
e t e r s  at  the  tube  e n t r a n c e ;  the  s u b s c r i p t  h d e n o t e s  p a r a m e t e r s  fo r  a g iven  en tha lpy  f ac to r .  The o the r  
s y m b o l s  a r e  a s  b e f o r e .  

At the  end of the  e n t r a n c e  s e c t i o n  the  t h i c k n e s s  of the  b o u n d a r y  l a y e r  b e c o m e s  equal  to the  tube  
r a d i u s  (r0). Then  i t  fo l lows f r o m  Eq.  (1) (P0 ~Pal) tha t  
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w h e r e  Woe is  the r e l a t i v e  ve loc i t y  W 0 at  the end of the en t r ance  sec t ion .  

T h e  va lue  of 6++/% can be found as  a function of '#n by a s s u m i n g  
s i m i l a r i t y  of the ve loc i ty  and to ta l  enthalpy d i s t r i b u t i o n s  

w h - - h ~  

Wo ho - -  h w 

Accord ing  to [9], for  a subsonic  gas  flow 

0 
g.q. 

o-I 
a-2 
. -3  
n-# 

n J, c W 

OeO 

s w 
p = ~h  - ( %  - 1) ~0 

F i g u r e  1 shows the r e l a t i onsh ip  5++ / r0=f (~n  ) for  w / w o = ~ l / Y .  F i g u r e  
2 shows the r e s u l t s  of m e a s u r e m e n t  of the ve loc i ty  p ro f i l e  at  the end of the 
tube for  d i f fe ren t  d e g r e s s  of n o n i s o t h e r m a l i t y .  The v e l o c i t i e s  we re  
m e a s u r e d  by  t r a c i n g  the flow with fine a luminum powder  [10]. Po in t s  1 
show P i to t  tube m e a s u r e m e n t s ,  points  2 m e a s u r e m e n t s  by the t r a c i n g  
method,  and points  3 show N i k u r a d z e t s  da ta  [11] for  1R 0 = 1.1 �9 10 ~, c o r -  
r e spond ing  to q ,n=l .  Po in t s  4, m e a s u r e d  by the t r a c i n g  method,  c o r -  
r e s p o n d  to ~ n = 0 . 2 .  As the graph  shows,  the n o n i s o t h e r m a l i t y  has  no 
a p p r e c i a b l e  ef fec t  on the tu rbu len t  p a r t  of the ve loc i ty  p r o f i l e .  A s i m i l a r  
r e s u l t  was obta ined in [7]. 

Acco rd ing  to [12], 

0.5 0.0 / W = (  r 2  ~2 if el0 = i (w0p06++) 

F ig .  2 \ ] / %  + i /  ~ (4) 

The shape f a c t o r  H for  subsonic  flow, a s s u m i n g  R ++ ~ Rh ++ , can b e  c a l c u l a t e d  with suf f ic ient  a c c u r a c y  
as [9 ]  

H =  Horn, Ho=i.347 

Jo in t  so lu t ion  of (2)-(5) g ives  the r e q u i r e d  r e l a t i onsh ip  

(5) 

X H ~.~5 = / (%) 

which can be a p p r o x i m a t e d  by the equat ion 

x ~  0.8% + o.~5 n - 4 a  ~ _ ( ~  
~o~.~ -- , o . ~  ~ ~o~ ~o-~roJ (6) 

To v e r i f y  t h e s e  r e s u l t s  we c a r r i e d  out some  e x p e r i m e n t s .  A d i a g r a m  of the e x p e r i m e n t a l  a p p a r a t u s  
i s  shown in F ig .  3, where  1 is  a p l a s m a  g e n e r a t o r ,  2 is  a mix ing  c h a m b e r ,  3 is  the *~est sec t ion ,  4 is  a 
m e a s u r i n g  o r i f i c e ,  5 is  a m i x e r ,  6 and 10 a r e  t h e r m o c o u p l e s ,  7 m e a s u r e s  the s t a t i c  p r e s s u r e  8 m e a s u r e s  
the  w a t e r  t e m p e r a t u r e  at the out le t  of the  c a l o r i m e t e r ,  9 is  a m e a s u r i n g  v e s s e l ,  11 m e a s u r e s  the wal l  
t e m p e r a t u r e ,  12 is  the a i r  supply ,  13 is  the inflow of cool ing  wa te r ,  14 m e a s u r e s  the w a t e r  t e m p e r a t u r e  at 
the en t r ance ,  and 15 i s  heat  insu la t ion .  

The a i r  was hea ted  by  t h r e e  w s t e r - c o o l e d  dc p l a s m a  g e n e r a t o r s  with v o r t i c a l  and magne t i c  ro ta t ion  
of the  arc~ The power  depended  on the n u m b e r  of o p e r a t i n g  p l a s m a  g e n e r a t o r s  and sec t iona l  r h e o s t a t s  in 
the  ac c i r c u i t .  The hea ted  a i r  f r om the p l a s m a  g e n e r a t o r s  e n t e r e d  a common,  w a t e r - c o o l e d ,  mix ing  
c h a m b e r .  As m e a s u r e m e n t s  with cold  a i r  showed,  the ve loc i ty  p ro f i l e  at  the out le t  of the c h a m b e r  was 
f a i r l y  un i fo rm.  This  can be a t t r i bu t ed  to the  g r e a t  convergen t  effect  of the mix ing  c h a m b e r  (100:1) and to 
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the fact  that the axes  of the ro ta t ing  s t r e a m s  f r o m  the p l a s m a  g e n e r a t o r s  mee t  at one point.  

The t es t  sec t ion  was a continuous copper  tube with in terna l  d i a m e t e r  18.5 m m  and wall th ickness  1o 5 
ram.  A copper  tube 5.0.5 m m  was f i t ted in sepa ra t e  sec t ions  to the outs ide of the main  tube with P S-72 so lde r  to f o r m  
14 c a l o r i m e t e r s  of d i f fe ren t  length (X=0.865, 1.73,  2.65,  3.84,  5.46,  8 .11,  11.62,  15.62, 20.11, 25.62, 
31o 56, 37.84,  44.49,  51 .24;  X is the length m e a s u r e d  f r o m  the s t a r t  of the tube).  The c a l o r i m e t e r s  w e r e  
cooled with wa te r  f r o m  a cons t an t - l eve l  tank. The wa te r  flow ra te  was m e a s u r e d  by the vo lume  method 
and i ts  t e m p e r a t u r e  was m e a s u r e d  with m e r c u r y  t h e r m o m e t e r s  with a sca le  d iv is ion  of 0o 5 ~ C and At=30 ~ C. 
The tube wall t e m p e r a t u r e  was m e a s u r e d  with c h r o m e l - c o p e l  t h e r m o c o u p l e s  of d i a m e t e r  0 .1  ram, embedded 
in the gaps be tween  the sec t ion .  In these  c r o s s  sec t ions  the s ta t ic  p r e s s u r e s  w e r e  sampled~ 

The flow of working a i r  was m e a s u r e d  with o r i f i c e s .  The mean  t e m p e r a t u r e  of the a i r  was m e a s u r e d  
at the outlet  of the working sec t ion  with a p l a t i n u m - p l a t i n u m - r h o d i u m  the rm ocoup l e  with the aid of a p o r c e -  
la in m i x e r ,  which a lso  s e r v e d  as a heat shield for  the t he rmocoup le .  The enthalpy at the en t rance  to the 
tube was d e t e r m i n e d  by ca lcu la t ion  f r o m  the known a i r  t e m p e r a t u r e  at the outlet  and the total  heat  r e m o v a l  
f r o m  the expe r imen ta l  sec t ion.  This method was t e s t ed  e x p e r i m e n t a l l y  in all the e x p e r i m e n t s  in which the 
t e m p e r a t u r e  T01 at the en t rance  was l e s s  than 1600 ~ Co The m e a s u r e d  and ca lcu la ted  va lues  of the t e m p e r a -  
tu re  T01 p r a c t i c a l l y  coincided in e v e r y  case~ This  a lso  indica ted  that  the t e m p e r a t u r e  p rof i l e  at the en t rance  
to the tube was f a i r l y  un i fo rm.  A p rov i s iona l  e s t i m a t e  of the heat  l o s s  showed that  i t  was l e s s  than 1%. 

The e x p e r i m e n t s  w e r e  conducted only in s t e ady - s t a t e  condi t ions .  The vol tage  f luctuat ion on the p l a s -  
ma  g e n e r a t o r  did not exceed  • The e x p e r i m e n t s  were  conducted in the range  

~u = 0.8 - -  0.08, 

R0 = 6.9 .i03 -- 2.4.i05 

The en t rance  length was d e t e r m i n e d  in the fol lowing way. 

The ene rgy  ba lance  equation fo r  a sec t ion  of tube of length x can be put in the f o r m  

x L 

g.7 * 

0.i ~I.Z ., 0.$ / 

i ro 
polwolho~ro 2 ~ 2 ~wr~ -{- 12pwhr  dr (7) 

o o 

Fig .  4 

Putt ing 6h++=6 ++ (6h ++ is the ene rgy  th ickness)  and a s suming  
for  the main  sec t ion  of the tube the equal i ty  

POIWOI 
P0w0 = I -- 2tt5 ++ / r0 

we obtain f r o m  (7) by us ing (5) 
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X 

h01 -- hwi i -- W 
h o - - h w i  ~ 1 - -  S 

Here 

N --~ "r0 / 25 T* -- Ho~h  ' S - -  G (hol - -  hw~) Qwi  
1 

Qwi is  the amount  of heat rece ived  by the i - th  c a l o r i m e t e r ,  
G is  the gas flow ra te  through the tube.  

At the end of the en t rance  length we mus t  obviously have 

hol - -  hwl ~. 

ho - -  hwi - -  

(s) 

and 

In this  case it follows f rom (8) that 

N = s (9) 

The ca lcula t ion  was pe r fo rmed  by an M-20 computer~ The c ros s  sect ion of the tube for  which equa l i ,  
ty (9) was sa t i s f ied  to within • 1% was taken as the end of the the rmat  en t rance  sect ion.  The ca lcula t ion  
was made f rom the curve  of qwi=f(X) found as the r o o t - m e a n - s q u a r e  of the exper imenta l  va lues  of qwi 
f rom the end of the tube to i ts  beginning.  The value of 6++/r0 was found f rom the re la t ionsh ip  in Fig.  1. 

F igu re  4 shows the exper imen ta l  va lues  of Xe/R ~176 in r e l a t ion  to the enthalpy factor  for k =0.64.  
The curve  shown on this graph,  which co r r e sponds  to the theore t ica l  solut ion [Eq. (6)], ag rees  s a t i s -  
fac to r i ly  with the expe r imen ta l  r e s u l t s .  

In Fig.  5 these  expe r imen ta l  data a r e  reduced to q u a s i - i s o t h e r m a l  condit ions f rom (6) and a re  r e p -  
r e sen t ed  in the fo rm of the re la t ionsh ip  X e =f(R0). The cont inuous l ine on this  graph co r re sponds  to Eq. 
(6) for @h=l:  

x t t  ~ i.35/~ "25 

F igu re  6 shows the change in the r e l a t ive  veloci ty ,  found theore t i ca l ly  f rom Eq. (2), in the en t r ance  
sec t ion  for  va r ious  va lues  of @h; curves  1, 2, 3, and 4 co r r e spond  to @h=l .0 ,  0.6,  0.2,  and 0.044~ 

The m e a s u r e d  ve loc i t ies  shown on the same graph agree  sa t i s f ac to r i ly  with theory~ 

F r o m  this  inves t iga t ion  we can draw the following conc lus ions .  

1. The en t rance  length for  a gas flow i n c r e a s e s  s igni f icant ly  with i n c r e a s e  in the Reynolds n u m b e r  
at the tube en t r ance  and is  given f a i r ly  s a t i s f ac to r i l y  by Eq. (6). 

2. Cooling of the tube has a r e l a t i ve ly  s m a l l e r  effect on the en t rance  length.  

In the range  of @h f rom 1 to 0.03 the en t rance  length is  reduced by only 30%. 
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